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The relation between SU{2) Yang-Mills mechanics, originated from the 4- 
dimensional SU{2) Yang-Mills theory under the supposition of spatial homogeneity 
of the gauge fields, and the Euler-Calogero-Moser model is discussed in the frame- 
work of Hamiltonian reduction. Two kinds of reductions of the degrees of freedom 
are considered: due to the gauge invariance and due to the discrete symmetry. In the 
former case, it is shown that after elimination of the gauge degrees of freedom from 
f^ I the SU{2) Yang-Mills mechanics the resulting unconstrained system represents the 

^^ ■ ID3 Euler-Calogero-Moser model with an external fourth-order potential. Whereas in 

^— ^ ' the latter, the lAe Euler-Calogero-Moser model embedded in an external potential is 

derived whose projection onto the invariant submanifold through the discrete symme- 
i3 \ try coincides again with the SU{2) Yang-Mills mechanics. Based on this connection, 

the equations of motion of the SU{2) Yang-Mills mechanics in the limit of the zero 
coupling constant are presented in the Lax form. 

o 

(N 



PACS: 03.20.+i, ll.lO.Ef, ll.15.Tk 



I. INTRODUCTION 



The present note is devoted to the discussion of the correspondence between the dynamics of 3- 
particles with internal degrees interacting by pairwise 1/r^ forces on a line (Euler-Calogero-Moser 
i^ • system [^||) and SU{2) Yang-Mills theory with spatially constant gauge fields {SU{2) Yang-Mills 
' mechanics ||] (see also |Q,|| and references therein)). 

gj The Euler-Calogero-Moser model is the extension of the famous Calogero-Sutherland-Moser models 

1-^ ' mM (^°^ ^^^ generalizations see [^ and reviews ||l^,|ll|) with additional dynamical internal degrees 

^ I of freedom included. It is interesting that these types of models arises in various areas of theoretical 

" '"j • physics like the 2-dimensional Yang-Mills theory |13] , black hole physics [Oj , spin chain systems [M , 

rS [ generalized statistics [|l5| , higher spin theories |16| , level dynamics for quantum systems |17]| , quantum 

C^ Hall effect |1^] and many others. An attractive feature of these generalizations is that it maintains 

the integrability property of the original Calogero-Sutherland-Moser system. For the general elliptic 

version of the Euler-Calogero-Moser system, the action-angle type variables have been constructed and 

the equations of motion have been solved in terms of Riemannian theta- functions p9[ , the canonical 

symplcctic form of this model is represented in terms of algebro-geomctric data [po| using the general 

construction of Krichever and Phong pl| . 

During the past years a remarkable relation between the Calogero-Moser systems and the exact 
solutions of 4-dimensional supersymmetric gauge theories has been found |g^ . It has been recognized 
that the so-called Seiberg-Witten spectral curves are identical to the spectral curves of the elliptic 
SU{N) Calogero-Moser system [^. Furthermore the generalization of these relations to the N = 2 
supersymmetric gauge theories with general Lie algebras and an adjoint representation of matter 
hypermultiplet have been derived in |2J| (for review of the recent results see, e.g., |25|]). 



Despite the existence of such a correspondence estabhshed on very general grounds, relations be- 
tween gauge theories and integrable models are far from being understood. In the present note, we 
would like to point out a simple direct correspondence between the SU{2) Yang-Mills theory and the 
Euler-Calogero-Moser model. This correspondence follows from the sequence of reductions of degrees 
of freedom thanks to different kinds of symmetries. At first, supposing the spatial homogeneity of 
gauge fields, the field theory is reduced to the 9-dimensional degenerate Lagrangian model. Then the 
pure gauge variables are eliminated by applying the method of Hamiltonian reduction. Finally, rewrit- 
ing the derived unconstrained matrix model in terms of special coordinates adapted to the action of 
rigid symmetry, one can arrive at the conventional form of the Euler-Calogero-Moser Hamiltonian. 
More precisely, we shall demonstrate that the unconstrained SU{2) Yang-Mills mechanics represents 
the Euler-Calogero-Moser system of type ID3, i.e., the inverse-square interacting 3-particle system 



with internal degrees of freedom related to the root system of simple Lie algebra D3 [hO 11|, and is 
embedded in a fourth order external potential written in the superpotential form. 

Besides this reduction due to the continuous symmetry of the system, we discuss another possibility 
of relating the Yang-Mills mechanics to higher order matrix models using the discrete symmetries. 
We shall explore the method of constructing generalizations of the Calogero-Sutherland-Moser models 
elaborated recently by A. Polychronakos [E6l. This method consists in the usage of the appropriate 
reduction of the original Calogero model by a subset of its discrete symmetries to an invariant sub- 
manifold of the phase space. Representing the Euler-Calogero-Moser system with a special external 
potential as a 6 x 6 symmetric matrix model, we shall show that such a matrix model, after projection 
onto the invariant submanifold of the phase space using a certain subset of discrete symmetries, is 
equivalent to the unconstrained SU(2) Yang-Mills mechanics. Finally, we give a Lax pair representa- 
tion for the equations of motion of the SU{2) Yang-Mills mechanics in the limit of the zero coupling 
constant. 



II. HAMILTONIAN REDUCTION OF THE YANG-MILLS MECHANICS 

A. The equivalent unconstrained matrix model 

The dynamics of the SU{2) Yang-Mills 1-form A in 4-dimensional Minkowski space-time M4 is 
governed by the conventional local functional 

Sym = ^ I tvFA^F, (2.1) 

^ J Mi 

defined in terms of the curvature 2-form F = dA + g A /\ A , with the coupling constant g. After the 
supposition of the spatial homogeneity of the connection A 

Ca,A^O, (2.2) 

the action (|2.l| ) reduces to the action for a finite dimensional model, the so-called Yang-Mills mechanics 
(YMM) described by the degenerate matrix Lagrangian 

Lymm = ^tr {(DtA) {DtAf) ~V{A), (2.3) 

The entries of the 3x3 matrix A arc nine spatial components Aai := Af of the connection A := 
YaCadt + AaiCadx^ , whcrc Ca = (Ta/2i with the Pauli matrices Ga and Dt denotes the covariant 



derivative {DtA)ai = Aai + g£abcYbAci ■ Due to the spatial homogeneity condition (2.2), all dynamical 
variables Ya and Aai are functions of time only. The part of the Lagrangian corresponding to the 
self- interaction of the gauge fields is gathered in the potential V{A) 



V{A) = ^ {tr^{AA^) ~ tr(AA^)2) . (2.4) 

To express the Yang-Mills mechanics in a Hamiltonian form, let us define the phase space endowed with 
the canonical symplectic structure and spanned by the canonical variables {Ya,PY^) and {Aai,Eai) 
where 

dL dL 

-FVa = T^TT = ' -^ai = TTl— ^ ^ai + gSabcYbA^i . (2.5) 

dYa dAai 



According to these definitions of the canonical momenta (2^), the phase space is restricted by the 
three primary constraints 

P^ = (2.6) 

and the evolution of the system is governed by the total Hamiltonian Ht ~ He + Uy {t) Py , where 
the canonical Hamiltonian is given by 

He = ^tiiEE^) + ^— [ir^AA') - U{AA'f) + gYa tr(J„AS^) , (2.7) 



and the matrix {Ja)bc is defined by {Ja)bc = —£abc- The conservation of constraints ( p.6[ ) in time 
entails the further condition on the canonical variables 

^a = 9tr{JaAE^)=0, (2.8) 

that reproduces the homogeneous part of the conventional non-Abelian Gauss law constraints. They 
are the first class constraints obeying the Poisson brackets algebra 

{'S^a^M^Sabc'^c. (2.9) 

In order to project onto the reduced phase space, we use the well-known polar decomposition for an 
arbitrary 3x3 matrix 

Aa^ic|),Q)^OakWQk^, (2.10) 

where Qij is a positive definite 3x3 symmetric matrix and 0((/)i, 02, '/'a) — e'^^'^^e'^^'^^e"^^'^^ is an 
orthogonal matrix O £ 50(3). Assuming the nondegenerate character of the matrix Aai^ we can treat 
the polar decomposition as uniquely invertible transformation from the configuration variables Aai 
to a new set of six Lagrangian coordinates Qij and three coordinates (pi. As it follows from further 
consideration, the variables parameterizing the elements of the 5*0(3) group (Euler angles {(pi, (p2, <p3)) 
are the pure gauge degrees of freedom. 

The field strength Eai in terms of the new canonical variables is 



Ea^ - Oak{(f') 



Pk^+ek^lh-%[if-S, 



(2.11) 



where ^^ are three left-invariant vector fields on 50(3) 



^i = ^!^ Pi + cos (j)3 P2 - cot 02 sin 03 P3 , (2.12) 

sm02 

^2 = ^?^ Pi ~ sin 03 P2 - cot 02 COS 03 P3 , (2.13) 

sm02 

^3^P3- (2.14) 



Here Sj — ejmn{PQ)mn is the spin vector of the gauge field and 

lik = Qtk - kk trQ . (2-15) 

Reformulation of the theory in terms of these variables allows one to easily achieve the Abelianization 



of the secondary Gauss law constraints. Using the representations ( 2.10 ) and ( 2.11 ), one can convince 
oneself that the variables Qij and Pij make no contribution to the secondary constraints (2. 



^a^0ab{4>)ib =^- (2-16) 

Hence, assuming nondegenerate character of the matrix 



/ fill' COS01, -sin0icot02 

"i^' sin'/'i' cos <?!)i cot (/)2 | , (2.17) 

V 0, 0, 1 



M = 



we find the set of Abelian constraints equivalent to the Gauss law ( |2.8| ) 

^a^Pa=0- (2.18) 

After having rewritten the model in this form, we are able to reduce the theory to physical phase space 
by a straightforward projection onto the constraint shell . The resulting unconstrained Hamiltonian, 
defined as a projection of the total Hamiltonian onto the constraint shell 

HyMM '■= HciQab ,Pab) , (2-19) 

Pa=0, P"=o 



can be written in terms of Qab and Pab as 



.,2 



Hymm = ^trp2 _ -i^tr (7X7)' + ^ (tr'O' - trQ^) , (2.20) 

2 det 7 4 

where Mm7i = {QP — PQ)mn denotes the gauge field spin tensor. 



B. Unconstrained model as particle motion on stratified manifold 

In the previous section, the unconstrained dynamics of the SU(2) Yang-Mills mechanics was iden- 
tified with the dynamics of the nondegenerate matrix model ( p.2C| ). The configuration space Q of the 
real symmetric 3x3 matrices can be endowed with the fiat Riemannian metric 

ds^ = Tr (dQ2) (2.21) 

whose group of isometry is formed by orthogonal transformations 

Q' = RQR^ (2.22) 



Since the unconstrained Hamiltonian system (2.20) is invariant under the action of this rigid group 



we are interested in the structure of the orbit space given as a quotient Q/S0{3). The important 
information on the stratification of the space Q/S0{3) of orbits can be obtained from the so-called 
isotropy group of points of configuration space which is defined as a subgroup of 50(3) leaving point 
X invariant RxR^ = x. Orbits with the same isotropy group are collected into classes, called by strata. 
So, as for the case of symmetric matrix, the orbits are uniquely parameterized by the set of ordered 
eigenvalues of the matrix Q xi < X2 < X3. One can classify the orbits according to the isotropy groups 
which are determined by the degeneracies of the matrix eigenvalues: 



1. Principal orbit-type strata, when all eigenvalues are unequal xi < 2:2 < xg, with the smallest 
isotropy group Z2 (81 Z2 . 

2. Singular orbit type strata forming the boundaries of orbit space with 

(a) two coinciding eigenvalues xi ~ X2, xi — X3 or x\ — X3, the isotropy group is 5*0(2) ® Z^ . 

(b) all three eigenvalues are equal x\ = x^ = X3, here the isotropy group coinciding with the 
isometry group 5*0(3). 

In the subsequent sections, we shall demonstrate that the dynamics of the Yang-Mills mechanics, 
which takes place on the principal orbits is governed by the ID3 Euler-Calogero model Hamiltonian 
with the external potential V^"^^ := .g^/2 'J2i<i ^f^^j while for singular orbits the corresponding system 
is either the A2 Calogero model with the external potential V'-^^ :— g^/2{x'^ + 2x'^y^) for singular 
orbits of type (a) or one dimensional system with quartic potential V^^' := 3/2g'^x'^ for singular orbits 
of type (b). 



1. Hamiltonian on principal orbit strata 

To write down the Hamiltonian describing the motion on the principal orbit strata, we introduce 
the coordinates along the slices Xi and along the orbits x- Namely, we decompose the nondegenerate 
symmetric matrix Q as 

Q^n^ (xi, X2, X3) v 7^(xl, X2, xs) (2.23) 

with the 50(3) matrix TZ parameterized by the three Euler angles Xi '■— (xij X2; Xs) ^^d the diagonal 
matrix D = diag (xi, 2:2, 2:3) and consider it as point transformation from the physical coordinates 
Qab and Pab to Xi,pi and Xt^Pxi- ^^^ Jacobian of this transformation is the relative volume of orbits 



J:= 



det 



dQ dQ 

dxk ' dxk 



= n I ^^ " ^^ I (2.24) 



i<k 



and is regular for this stratum xi < X2 < X3. 
By using the generating function 

F [x,,x^■, P] - tr (QP) = tr (7^^(x)I?(x)7^(x)P) (2.25) 

the canonical conjugate momenta can be found in the form 

ft = ^ - tr {PTZ^aiTZ) , p^^ = ^ ^ tr (7^^|^ (PQ - QP)) , (2-26) 

where cJi are the diagonal members of the orthogonal basis for the symmetric 3x3 matrices aA ~ 
(tti, ai) i — 1,2,3 under the scalar product 

tr{aa,ab) ^ Sab, tr(aa ,«(,) = 2(5afc , tr(aa ,«;,) = . 
The original physical momenta Pik can then be expressed in terms of the new canonical variables as 

P = 7^^ (^T'.as + ^T'saJ 7^ (2.27) 

\S=1 8=1 I 

with Vs =Ps, 



1 £« 
Vi = -- — , (cyclic permutation i ^ j ^ k) (2.28) 

and the 50(3) right-invariant KiUing vectors 

ef=Pxi> (2-29) 

£f = - sin xi cot X2 Pxi + cos xi Px2 + Px3 > (2-30) 

sinx2 

Cf = cosxi cotx2 Pxi + sinxi Px2 : Pxi ■ (2-31) 

smx2 

They satisfy the Poisson bracket algebra 

{^^,^^} = e,U^. (2.32) 

Thus, finally, we get the followmg physical Haniiltonian defined on the unconstrained phase space 

3 3 

HvMM = ^Y.Pl + \Y.kl^" + V^"^(^)^ (2-33) 



a— 1 a— 1 



where 



and 



{Xb + X^Y i^b - XcY 



cyclic a^b^c (2.34) 



^(^) = ^E^'^'- (2-35) 

a<fc 



Note that the potential term in (2.35) has symmetry beyond the cyclic one. This fact allows us to 
write V^'^''{xi,X2,X3) in the form 

V^^\xi,X2,X3)^ "'g'^ "'^^ , a = l, 2, 3 (2.36) 

with the superpotential W^^' = xia;22;3. 

This completes our reduction of the spatially homogeneous Yang-Mills system to the equivalent 
unconstrained system describing the dynamics of the physical dynamical degrees of freedom. We see 
that the reduced Haniiltonian Hymm on the principal orbit strata is exactly the Hamiltonian of the 
Euler-Calogero-Moser system of type ID3, i.e., is of the inverse-square interacting 3-particle system 
with internal degrees of freedom and related to the root system of the simple Lie algebra D3 |lO| , [ll| 



embedded in the fourth order external potential (2.36) 



C. Singular stratum 

Introduction of the additional constraints 

xi - 2:2 = (2.37) 

or 

2^1 — 2^2 = , Si — a;3 = (2.38) 

defines the invariant two- and one- dimensional strata. One can repeat the above consideration for 
these singular strata and derive, correspondingly, the following unconstrained Hamiltonians: 



1. Two-dimensional strata 
-,2 



4t - '^iPl+Pl) + J|^ + ^(-^ + ^-V) , (2.39) 

where the constant l{l + I) denotes a value of the square of the particle internal spin. 



2. One-dimensional strata 
H^sL = IpI + S/'^9'x\ (2.40) 



III. EULER-CALOGERO-MOSER SYSTEM AS A FREE MOTION ON SPACE OF 

SYMMETRIC MATRICES 

In order to discuss the relation between the Yang-Mills mechanics and the Euler-Calogero-Moser 
system, it is useful to represent the later in the form of a nondegenerate matrix model. Let us consider 
the Hamiltonian system with the phase space spanned by the N x N symmetric matrices X and P 
with the noncanonical symplectic form 

{Xab, Pcd} = ^ {SacSbd - SadSbc) ■ (3.1) 

The Hamiltonian of the system defined as 

H = -ti-P"^ (3.2) 

describes a free motion in the matrix configuration space. The following statement is fulfilled: 



The Hamiltonian (3A) rewritten in special coordinates coincides with the Euler-Calogero-Moser Hamil- 
tonian 

N N p 

^ = lT.p" + oT.r^^- (3-3) 

2 ^ 2^, [x^- XjY 

with nonvanishing Poisson brackets for the canonical variables n 

{Xi,-pj\ — Sij {lab, icd} — -^ {^aJbd " Sadhc + ^bdlac — SbJad) , (3.5) 



To find the adapted set of coordinates in which the Hamiltonian (3.2) coincides with the Euler- 



Calogero-Moser Hamiltonian (|3.3| ), let us introduce new variables 



^ This system is the spin generalization of the Calogero-Moser model. Particles are described by their 
coordinates Xi and momenta pi together with internal degrees of freedom of angular momentum type hj — —Iji- 
The analogous model has been introduced in M where the internal degrees of freedom satisfy the following 
Poisson brackets relations 

{lab, led} ~ Sbclad — &adlcb ■ (3-4) 



X = 0-\e)Q{q)0{9) . 



(3.6) 



where the orthogonal matrix 0{q) is parameterized by the 



Af(Af-l) 



elements, e.g., the Euler angles 



(^1, ■ ■ ■ , 9 N{N-i) ) and Q — diag\\qi,- ■ ■ ,q]^\\ denotes a diagonal matrix. This point transformation 

2 _ 

induces the canonical one which we can obtain using the generating function 



^4 = 



Using the representation 



F, gi, • • • , qN, Oi,- ■■ , 9 n(n-i) = tr[X(g, 9)P 



p = o- 



N 



y^QaPg 



N(N-l) 
2 



o, 



(3.7) 



(3.8) 



where the matrices {aa , aij ) form an orthogonal basis in the space of the symmetric N x N matrices 
under the scalar product 



tr{aaab) = Sab , tr(ayafe;) = 2SikSji 



tr(aaaij) = 0, 



(3.9) 



one can find that Pa ~ Pa and components Pab are represented via the 0{N) right invariant vectors 
fields lab 



Pb--- ^"' 



Z Xa Xb 



(3.10) 



From this, it is clear that the Hamiltonian (3.2) coincides with the Eulcr-Calogero-Moser Hamiltonian 

®- . . 

The integration of the Hamilton equations of motion 



X = P, 



P = 



(3.11) 



derived with the help of Hamiltonian ( |3.2| ), gives the solution of the Euler-Calogero-Moser Hamiltonian 
system as follows: for the x-coordinates we need to compute the eigenvalues of the matrix X = 
X{0) + P{0)t, while the orthogonal matrix O, which diagonalizes X, determines the time evolution of 
internal variables. 



IV. YANG-MILLS MECHANICS THROUGH THE DISCRETE REDUCTION OF 
EULER-CALOGERO-MOSER SYSTEM 

In this section, we shall demonstrate how the SU{2) Yang-Mills mechanics arises from the higher 
dimensional matrix model after projection onto a certain invariant submanifold determined by the 
discrete symmetries. Let us consider the classical Hamiltonian system of N particles on a line with 
internal degrees of freedom embedded in external field with the potential V^(xi,X2, . . . ,xn) and de- 
scribed by the Hamiltonian 



N N 






^ . , . y^i Xj ] 



+ V'^''\xi,X2,....Xn). 



(4.1) 



The particles are described by their coordinates Xi and momenta pi together with the internal degrees 
of freedom of angular momentum type Uj — — Iji . The nonvanishing Poisson brackets are 



{Xi,Pj} — Sij {lab, led} = Sachd — Sadlbc + Sbdlac ~ SbJad ■ 



(4.2) 



The external potential V^^''{xi,X2, ■ ■ ■ ,Xn) is constructed in terms of the superpotential VF^^-' 

4 ^ dXa dXa 



V^^\x,,x,,...,xr,) = --Y,^- ^— , (4.3) 



a=l 

with M^(^) given as | 

W^(^^ = iV^IxJTTT^ . (4.4) 



Below it is useful to treat the internal degrees of freedom entering into the Hamiltonian (4.1) in the 
Cartesian form 

Kh = VaT^b - VhT^a , (4.5) 

where the internal variables ya and tTq combine the canonical pairs with the canonical symplcctic form. 



The Hamiltonian (4.1) has the following discrete symmetries pq |: 
• Parity P 



• Permutation symmetry ill 

^A^( ^Mie, \ (yA^i y«^ \ , (4.7) 

Pi J \ PM{i) J \'^i J \ T^M(i) J 

where M is the element of the permutation group Sn. The manifold of phase space defined as 

Xa + XN-a+l = , Pa + PN-a+1 = , (4.8) 

ya+yN-a+l=0, T^a+T^N-a+l^O (4.9) 

is invariant under the action of the symmetry group z = D{z) where 

D = Px M (4.10) 

and M is specified as M(a) = A^ — a + 1 . 

In order to project onto the manifold described by constraints (Es)-(BJ3) , we use the Dirac method 
to deal with the second class constraints. Let us introduce the Dirac brackets between the arbitrary 
functions F and G of all variables {xa,Pai ya,T^a) as 

{F , G}d = {F,G}-{F, Za}{Za , Zb}-'{Zb , G} (4.11) 



^ Writing the superpotential in an invariant form as 

H/<^' = iVdetX , 

with the help of a symmetric TV x TV matrix X whose eigenvalues are xi,X2, ■ ■ ■ ,xn , the external potential 
reads 

V^'^\xi,X2,...,xn) =detXtr(X-2). 



where Za denote all second class constraints Za '■— {xa, ^a, Xa, Hq), a = 1, • 



N 



Xa^ -l={Xa+XN-a+l) , Xa ^ -1= {Va + VN ~a+l) , (4.12) 

lia = —7=iPa+PN-a+l) , ILa = —1= (tT a + T^ N - a+l) (4-13) 



with the canonical algebra 



{Xa, Xb} = {n„, Ub} = {Xa, n4 = {Xa.Ilb} = , (4.14) 

{Xa^Ub} = dab , {Xa,fib} ^ Sab . (4.15) 

Thus, the fundamental Dirac brackets are 

{Xa,Pb}D ^ -^Sab, {Va^T^bJD = -^Sab- (4.16) 

After the introduction of these new brackets, one can treat all constraints in the strong sense. 
Letting the constraint functions vanish, the system with Hamiltonian ( [4.lD reduces to the following 
one 

jV jV N_ 

Hrea = \t.Pl + \il^lbklb+'^ iZ^lxl, (4.17) 

a— 1 a^h a^h 

where 

klb - 7 ^ + 7 ^ (4-18) 



[Xa+XbY {Xa-XbY 



Expression (4.17) for A'' = 6 coincides with the Hamiltonian of the SU{2) Yang-Mills mechanics after 



taking into account that after projection onto the constraint shell (CS) (4.12)-(4.13) , the potential 



(4.3) reduces to the potential of Yang-Mills mechanics 



V^''\x^,---,x^\^^]^{xlxl + xlxl + xlxl) . (4.19) 



V. LAX PAIR REPRESENTATION FOR YANG-MILLS MECHANICS IN ZERO 

COUPLING LIMIT 

The conventional perturbative scheme of non-Abelian gauge theories starts with the zero approxi- 
mation of the free theory. However, the limit of the zero coupling constant is not quite trivial. If the 
coupling constant in the initial Yang-Mills action vanish, the non-Abelian gauge symmetry reduces to 
the U{1) X U{1) X C/(l) symmetry. In this section, we shall discuss this free theory limit for the case of 
the unconstrained Yang-Mills mechanics. The solution of the corresponding zero coupling limit of the 
Yang-Mills mechanics in the form of a Lax representation will be given. The relation between ( [4.l[ ) 
and (4.17) allows one to construct the Lax pair for the free part of the Hamiltonian ( 4.17| ) {g — 0) 



using the known Lax pair for the Euler-Calogero-Moser system (4.1) without an external potential 
term [g = Q). 

According to the work of S.Wojciechowski B , the Lax pair for the system with Hamiltonian 



N , N 



1 1 72 



HeCM r. ^_^fa ,y ^_^ , _ 

^ a=l ^ a^b ^^° ^^ 



10 



Lab = PaSab - (1 - Sab)- 



lab 



Xb 



Aab = (1 - Sab) 



and the equations of motion in Lax form are 



lab 



{Xa - Xb) 



2 " 



L^[A,L], 
i^[A,l], 



(5.2) 
(5.3) 



(5.4) 
(5.5) 



where the matrix {l)ab = lab- 

The introduction of Dirac brackets allows one to use the Lax pair of higher dimensional Euler- 
Calogero-Moser model (namely Aq) for the construction of Lax pairs {Lymm, ^ymm) of free Yang- 



Mills mechanics by performing the projection onto the constraint shell (4.12)-(4.13) 

tECM\ t aECM\ a 

Lex6 \cs - Lymm , ^6x6 \cs - a 



i-YMM 



(5.6) 



Thus, the explicit form of the Lax pair matrices for the free SU{2) Yang-Mills mechanics is given 
by the following 6x6 matrices 



/ 



L 



YMM — 



Pi 



h2 



2:1—2:2 
'13 



2:1— X2 

P2 

X2—X3 



X1-X3 

t23 
2:2— 2:3 

P3 



Ti 



2:1+2:3 
'12 

2:1+2:2 



V 



2:1+2:2 



112 
2:1+2:2 



2:2+2:3 

^13 

2:1+2:3 



h 



2:1+2:3 

^23 
2:2+2:3 





2:1+22 


^23 
2^2 +2^3 



\ 



2:1+2:2 

^3 

2:1+2:3 



-P3 



2:2-23 
'13 



^23 
22—2:3 

~P2 

I12 



"TTi 



2:1—2:3 

^2 
2:1—2:2 

-PI I 



(5.7) 



and 



A 



YMM 





il2 


il2 


il3 


/l3 


/l2 




112 


(21-22)2 



(23 


(21-23)2 
^23 


(xi+23)2 
'23 


(2:1+22)2 



'23 


(xi-2:2)2 
il3 


(22-23)2 




(2:2+23)2 




(21+2:2)2 


(^1-2:3)^ 


(22-23)2 


(2:2+23)2 


(21+2:3)2 


/l3 


(23 




(23 




^23 


/23 


il3 


(2:1+2:3)2 
'12 


(21+2:2)2 



il2 


(2:2-2:3)2 



112 


(2:1-2:3)2 

l\2 


(2:1+22)2 




(22+X3)2 


(22-23)2 


(2:1-2:2)2 




(2l+X2)2 


(21+2:3)2 


(21-23)2 


(2:1-2:2)2 



(5.8) 



The equations of motion for the SU{2) Yang-Mills mechanics in the zero constant coupling limit 
read in a Lax form as 



Lymm — [Ay mm , Lymm] , 
Wmm = [AymmJymm] , 



(5.9) 
(5.10) 



where the matrix Wmm is 



l-YMM 



( ° 


112 


ll3 


-lis 


-^12 


^ 


-h2 





hs 


—hz 





h2 


-ll3 


— ?23 








^23 


h3 


ll3 


'23 








"^23 


-ll3 


ll2 





—hs 


^23 





-ll2 


\ 


-112 


-lis 


^13 


^12 


. 



(5.11) 
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